Normal GLM

We have a data set containing a dependent variable y and a covariate x. We
suspect that there is a quadratic dependence of y on x, so we start with the standard
linear model

Y; = Bo + i + oz + Ui,

where U; ~ N(0,0%). In the file Normal GLM.Rdata you can find n = 50 realizations
of x and y.

(a) Fit the model and test whether the quadratic term is significant at 5% signifi-
cance. Furthermore, in the quadratic model, make a plot of the residuals and
discuss whether the data is homoscedastic.

There are theoretical reasons to suspect that the model is heteroscedastic. Therefore,
we suggest to fit the model where

Yi~ N(Mi’?“?)?

with the natural parameters
ni = (M1, Mi2) = (—2,
We model the natural parameters with a linear model:

N1 = B + Puzi + 512%2 and 1,2 = Bao + Parx; + 52233?-

In the script Normal GLM.r you can find the three functions 1ik, D1ik and D21ik,
that calculate the log-likelihood, the gradient and the second derivative matrix of the
log-likelihood corresponding to this model respectively. Read through the functions
to see how you should use them.

(b) Calculate the log-likelihood of the data using the function 1ik, for the pa-
rameters corresponding to the model you fitted in (a) (this is possible because
model (a) is a submodel of the normal GLM: explain!). Think about how to
define the matrices X1 and X2. Also calculate the gradient and discuss your
findings (the gradient has a special feature that you can explain!).

Now we wish to find the MLE under the normal GLM model. The log-likelihood
function I(f;, 52) is a concave function, and we know its gradient and second deriva-
tive. We can apply a variant of the Newton-Raphson optimization method: we start
at an initial parameter 3, and calculate (), DI(3) and D?[(3). Now we apply a
Taylor approximation:

15+ 1) = U(5) + DI(B)h+ ZhDA(B)h + o{ 1)

We can maximize the quadratic function in A and find

him = —(D*1(8))"" DU(B)".

Now calculate [(8+ h,,,) and check if it is bigger than [(3). If not, then divide h,, by
2 (so replace h,, by h,,/2) and check again if I(5 + h,,,) is bigger than [(5). Repeat
this until you find the next value of the parameter with larger value for [, and hen
repeat the whole procedure until you met a certain criterion. This could be a very
small gradient or a very small increase of the function [.



(c)

Implement the Newton-Raphson optimization to find the MLE of (5, £s).
Be careful: not all values for gy are allowed, since 75 has to be positive! If
you do not succeed, use the R-function optim to find the MLE. Note that in
optim, you can also give the gradient function! Plot the data together with
the estimated expectation according to the normal GLM model and according
to the standard linear model. Also plot the residuals (using GLM) with plus
and minus the estimated standard error at each value of x. You could also
make this last plot for the standard linear model.

Test whether the quadratic term in 7); is significant, and test whether the
quadratic term in 7 is significant, both at the 5% level. Furthermore, test
whether the normal GLM is a better model for this data than the standard
normal model.

We wish to see whether the normal GLM model can be used effectively for
prediction. For this, we repeat the following experiment many times: simulate
new y;’s using the model fitted in (c). Then fit the GLM model, and predict the
value of y at x = 0.75. Also determine the standard deviation at x = 0.75. Do
the same prediction, but now using the standard linear model. Compare both
predictions with the (known!) true value, given by the model you simulate
from. Determine which prediction is best. Also, think of a way to assess the
estimation of the standard deviation at x = 0.75. If you feel up to it, you
could repeat this for different vaues of x!



